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Convection Model in Forest Fires

We present a model coupling the fire propaga-
tion equations in a bidimensional domain repre-
senting the surface, and the air movement equa-
tions in a three dimensional domain represent-
ing an air layer

As the air layer thickness is small compared with
its length, an asymptotic analysis gives a three
dimensional convective model governed by a
bidimensional equation verified by a stream func-
tion.

1



Combustion Equations

Pyrolysis: Solid fuel, ys

∂tys = −βsyse
ϑ

1+εsϑ

Convection, Diffusion and Reaction: Gaseous fuel, yg

∂tyg+v .∇xyg−κ∆xyg = −βygyoe
ϑ

1+εgϑ+βsyse
ϑ

1+εsϑ−αgyg

Convection, Diffusion and Reaction: Oxygen, yo

∂tyo + v .∇xyo − κ∆xyo = −βygyoe
ϑ

1+εgϑ

Convection, Diffusion and Reaction: Temperature, ϑ

∂tϑ+v .∇xϑ−∇x . (κr(1+εgϑ)3∇xϑ) = ygyoe
ϑ

1+εgϑ−αϑ

where radiation is modelled by a nonlinear diffusion term
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Wind model: Vertical diffusion model

A

S

d

LL
D

D = {(x, z) : x ∈ d , h(x) < z < δ}
S = {(x, z) : x ∈ d , z = h(x)}
A = {(x, z) : x ∈ d , z = δ}
L = {(x, z) : x ∈ ∂d , h(x) < z < δ}
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Derivation of the Wind model

The air velocity U = (U1,U2,U3) and the potential P satisfy the
Navier–Stokes equations

∂tU + U .∇xzU− 1
Re∆xzU +∇xzP = ϕQe3

The right-hand side represents the buoyancy forces.

The density variations due to the temperature have been
neglected into the other terms of the equation.

The air compressibility is also neglected, ∇xz . U = 0

L. Ferragut, M. Asensio, S.Monedero† Contributions to Forest Fire Simulation
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Derivation of the Wind model

A

S

d

LL
D

On surface S , U . N = 0, ∂U
∂N |tang = ζU

On the air upper boundary A, U . N = 0, ∂U
∂N |tang = 0

On the air side boundary L, U|L = (vm, 0) where ∂zvm = 0,∫
∂d(δ − h)vm . nds = 0

L. Ferragut, M. Asensio, S.Monedero† Contributions to Forest Fire Simulation
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Derivation of the Wind model

The layer thickness is small in relation to its width δ � 1.

The wind is not too strong δ2Re � 1.

Preserving only the dominant terms and rescaling P, being
δ = ϕRe

Equations Boundary conditions

−∂2
zzV +∇xP = 0 ∂zV = ζV, (V,W ) . N = 0 on S

∂zP = ϕQ ∂zV = 0, W = 0 on A

∇x . V + ∂zW = 0 V . n = vm . n on ∂d
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Derivation of the Wind model

Defining the horizontal flux at a point x ∈ d and time t by
V(t, x) =

∫ δ
h(x) V(t, x, z) dz

The incompressibility of U and the fact that the air does not
cross S and A give the incompressibility of the horizontal flux

∇x . V = 0

By Stokes
∫
∂d V . nds =

∫
d ∇x . Vdx = 0 so as

V = (δ − h)vm on ∂d we need the hypothesis∫
∂d(δ − h)vm . nds = 0
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Derivation of the Wind model

The temperature q considered in the combustion equations is
obviously the value of Q on the surface, that is

q(t, x) = Q(t, x, h(x))

We assume that
Q(t, x, z) = q(t, x) δ−z

δ−h(x)

The velocity v considered in the combustion equations is the
value of V on the surface, that is, the horizontal component
of the wind velocity U on the surface

v(t, x) = V(t, x, h(x))
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Derivation of the Wind model

Compute explicitly P(t, x, z) and V(t, x, z) in terms of a 2D
potential p.

For a fixed x, equation ∂zP = λQ provides

P(t, x, z) = p(t, x) + λq(t,x)
δ−h(x)

(
δz − 1

2z2
)

Equation ∂2
zzV = ∇xP together with the boundary conditions,

provides

V (x, z) = m(x, z)∇p(x) + n(x, z)∇T̂ (x)
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Vertical diffusion model
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Gives the horizontal wind field in a 3D domain by the expression

V (x, z) = m(x, z)∇p(x) + n(x, z)∇T̂ (x)

1 m(x, z) = 1
2z2 − δz − 1

2h2(x) + (δ + ξ)h(x)− ξδ

2 n(x, z) = − 1
24z4 + 1

6δz
3 − 1

3δ
3z + 1

24h4(x)− . . .

3 p(x) is a potential function
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Vertical diffusion model

The potential p(x) satisfies the following boundary problem

−∇(a∇p) = ∇(b∇T̂ ) in d

a
∂p

∂n
= −b

∂T̂

∂ν
+ (δ − h)vm.ν on ∂d

1 a(x) = 1
3(δ − h(x))2(3ξ + δ − h(x))

2 b(x) = 1
30(δ − h(x)2

(
2δ2(2δ + 5ξ)− 2δ(δ − 5ξ)h(x)− (3δ +

5ξ)h2(x) + h3(x)
)
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Optimal control problem

Let v = (δ − h)vmν the flow on the boundary

We formulate the former problem as an optimal control problem

Given N experimental measurements of the wind velocity
Vi , i = 1, ...,N, at N given points Pi = (xi , zi ), i = 1, ...N, we
search for the value of v ∈ L2

0(∂ d) such that the value V (xi , zi )
given by the expresion V (x, z) = m(x, z)∇p(x) + n(x, z)∇T̂ (x) are
as close as possible to the experimental values Vi .

L. Ferragut, M. Asensio, S.Monedero† Contributions to Forest Fire Simulation
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Optimal control problem

1 v ∈ L2
0(∂ω) is the control.

2

−∇(a∇p) = ∇(b∇T̂ ) in ω

a
∂p

∂n
= −b

∂T̂

∂ν
+ (δ − h)vm.ν on ∂ d

are the state equations.

3 J(v) = 1
2

∑
i

∫
ω ρε,(x−xi )(x)

(
m(x, z)∇p(x) + n(x, zi )∇q(x)−

Vi

)2
+ α

2

∫
∂ d v2 is the cost function
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Optimal control problem

The optimal control problem is caracterised by

∫
ω

a∇p(u)∇ϕ+
1

α

∫
∂ω

qϕ = −
∫

ω
b∇T̂∇ϕ ∀ϕ ∈ V

∫
ω a∇q(u)∇ψ

−
∑N

i=1

∫
ω ρε(x − xi )(m∇p(u) + n∇T̂ − Vi )m∇ψ = 0 ∀ψ ∈ V

u = − 1

α
q on ∂ d

L. Ferragut, M. Asensio, S.Monedero† Contributions to Forest Fire Simulation
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4.3. Calculus of wind

Practically, we calculate the unique solution (p, q) of (approached) coupled equations (42)–(43)

for a small parameter η, and then we calculate the (approached ajusted) wind velocity V (x, z)

at every point (x, z) in terms of ∇p(x) using expression (16).

4.4. Finite element approximation

Let us discretize the approached equations (42)–(43). Let TH be a uniform triangulation of ω

corresponding to a discretization parameter H and let VH be the associated space of P1 (or

P2) finite elements. Besides a better order of convergence, a reason in favor of P2 against P1

is that in practical applications, the variable of physical interest is the wind velocity V which

is obtained from the potential p using expression (16), involving derivatives.

Choosing a finite element basis {φi} for VH , we introduce the following matrices

G =
{∫

ω

a∇φr · ∇φk + η

∫

∂ω

φrφk

}

r,k

,

C1 =
{

1
α

∫

∂ω

φrφk

}

r,k

, C2 =
{ N∑

i=1

∫

ω

ρε,im
2∇φr · ∇φk

}

r,k

and the vectors

fp =
{
−

∫

ω

b∇t · ∇φr

}

r

, fq =
{
−

N∑

i=1

∫

ω

ρε,i(n∇t− Vi)m · ∇φr

}

r

.

Then, the discrete problem associated to (42)–(43) is the following linear algebraic system:



G C1

−C2 G






p

q


 =



fp

fq


 (49)

The matrix in (49) being nonsymmetric and very ill-conditioned, most of the standard iterative

methods fail to converge or have a very slow convergence (this is the case of GMRES-

ILU preconditioned). For moderate number of unknowns we use the state-of-the-art sparse

Copyright c© 2000 John Wiley & Sons, Ltd. Commun. Numer. Meth. Engng 2000; 00:1–6
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LU factorization [4]. In [5] a highly effective solution method is obtained by means of a

preconditioned Schur complement approach, leading to a nonsymmetric system that can be

solved by GMRES in a constant number of iterations. For the description and a complete

numerical analysis of this approach see [5].

5. NUMERICAL EXAMPLES

5.1. Example 1: Effect of a topography and of a temperature gradient

In this section we consider the effect of two hills on the wind, as well as the effect of

the temperature gradient in a square of 6 by 6 kilometers. The ground height and ground

temperature are shown on Figure 1.

IsoValue
0.00161723
0.00557826
0.00953929
0.0135003
0.0174614
0.0214224
0.0253834
0.0293445
0.0333055
0.0372665
0.0412276
0.0451886
0.0491496
0.0531107
0.0570717
0.0610327
0.0649938
0.0689548
0.0729158
0.0768769

SURFACE CONTOURS
IsoValue
0.0137912
0.0535143
0.0932374
0.13296
0.172684
0.212407
0.25213
0.291853
0.331576
0.371299
0.411022
0.450745
0.490468
0.530191
0.569914
0.609637
0.64936
0.689084
0.728807
0.76853

TEMPERATURE CONTOURS

Figure 1. Ground height and ground temperature (Example 1)

The wind velocity is supposed to be known (by experimental measurements) at four points

of horizontal coordinates x = (1., 1.), (5., 1.), (5., 5.), (1., 5.) and of height z = 0.1+h(x), with

Copyright c© 2000 John Wiley & Sons, Ltd. Commun. Numer. Meth. Engng 2000; 00:1–6
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the same value V (x, z) = (2., 0.) and we take α = 0.001.

Figure 2 shows the calculated adjoint state and potential, and Figure 3 shows the calculated

velocity module and wind field on the ground surface, that is for z = h(x). As expected, the

IsoValue
-0.00252217
-0.00225971
-0.00199724
-0.00173478
-0.00147232
-0.00120986
-0.000947395
-0.000684932
-0.00042247
-0.000160008
0.000102455
0.000364917
0.00062738
0.000889842
0.0011523
0.00141477
0.00167723
0.00193969
0.00220215
0.00246462

ADJOINT STATE FUNCTION q
IsoValue
-0.589708
-0.527621
-0.465535
-0.403449
-0.341362
-0.279276
-0.21719
-0.155104
-0.0930173
-0.0309311
0.0311552
0.0932415
0.155328
0.217414
0.2795
0.341587
0.403673
0.465759
0.527845
0.589932

POTENTIAL STATE FUNCTION p

Figure 2. Adjoint state and potential (Example 1)

IsoValue
0.493417
0.552244
0.61107
0.669896
0.728723
0.787549
0.846375
0.905202
0.964028
1.02285
1.08168
1.14051
1.19933
1.25816
1.31699
1.37581
1.43464
1.49346
1.55229
1.61112

VELOCITY MODULE AT HEIGHT z=0.01+h  WIND FIELD AT HEIGHT z=0.01+h

Figure 3. Velocity module and wind field (Example 1)

Copyright c© 2000 John Wiley & Sons, Ltd. Commun. Numer. Meth. Engng 2000; 00:1–6
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Figure: Surface Figure: Position of control points
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Functional relationship between GIS data and model
parameters

Relationship between rugosity and the friction coefficient of in the
wind model

The inverse ξ of the friction coefficient as a function of the
rugosity ρ is given by

ξ = 0.25(1 + 0.05ρ− 0.01ρ2)

L. Ferragut, M. Asensio, S.Monedero† Contributions to Forest Fire Simulation
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Figure: E242-40m
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Numerical simulation

Domain, contours of the surface and meteoro-
logic wind

Surface function

h(x1, x2) = 0.5e(−100(x−1.)2−50(y−0.5)2)
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Numerical simulation

Initial Temperature

29.6323
28.0727
26.5131
24.9535
23.3939
21.8343
20.2747
18.7151
17.1555
15.5959
14.0363
12.4767
10.9171
9.35756
7.79796
6.23837
4.67878
3.11919
1.55959
0

29.6323
28.0727
26.5131
24.9535
23.3939
21.8343
20.2747
18.7151
17.1555
15.5959
14.0363
12.4767
10.9171
9.35756
7.79796
6.23837
4.67878
3.11919
1.55959
0

Initial fire focus

ϑ(x1, x2) = 30e−200(x1−0.25)2+(x2−0.5)2)

Parameters: εs = 0.05, εg = 0.04,

βs = 1, β = 1/1.2, κ = 0.1, κr = 0.1
λ = 3, ξ = 0.1
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Numerical simulation

Contours of the Temperature after 1000 time
steps

34.8207
32.988
31.1554
29.3227
27.49
25.6574
23.8247
21.992
20.1594
18.3267
16.494
14.6613
12.8287
10.996
9.16334
7.33067
5.49801
3.66534
1.83267
0
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Numerical simulation

Contours of the concentration of Oxygen after
1000 time steps

1
0.947368
0.894737
0.842105
0.789474
0.736842
0.684211
0.631579
0.578947
0.526316
0.473684
0.421053
0.368421
0.315789
0.263158
0.210526
0.157895
0.105263
0.0526315
-7.0e-08
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Numerical simulation

Contours of the concentration of gaseous fuel
after 1000 time steps

0.496825
0.470676
0.444528
0.418379
0.39223
0.366082
0.339933
0.313784
0.287636
0.261487
0.235338
0.209189
0.183041
0.156892
0.130743
0.104595
0.0784461
0.0522974
0.0261487
0

17



Numerical simulation

Contours of the concentration of solid fuel after
1000 time steps

0.0174032
0.0678029
0.118203
0.168602
0.219002
0.269402
0.319802
0.370201
0.420601
0.471001
0.5214
0.5718
0.6222
0.6726
0.722999
0.773399
0.823799
0.874199
0.924598
0.974998
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Numerical simulation

Contour plot of the x-component of velocity af-
ter 600 time steps

63.6787
60.7566
57.8345
54.9125
51.9904
49.0683
46.1463
43.2242
40.3021
37.38
34.458
31.5359
28.6138
25.6918
22.7697
19.8476
16.9255
14.0035
11.0814
8.15932
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Numerical simulation

Contour plot of the x-component of velocity ve-
locity after 1000 time steps

69.7069
66.0371
62.3672
58.6974
55.0276
51.3577
47.6879
44.0181
40.3483
36.6784
33.0086
29.3388
25.6689
21.9991
18.3293
14.6594
10.9896
7.31979
3.64996
-0.0198745
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Numerical simulation

Contour plot of the y-component of velocity after
1000 time steps

32.4775
29.0476
25.6177
22.1878
18.7578
15.3279
11.898
8.46803
5.0381
1.60817
-1.82176
-5.25169
-8.68162
-12.1116
-15.5415
-18.9714
-22.4013
-25.8313
-29.2612
-32.6911
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Numerical simulation

Finite Element Mesh after 1000 time steps
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