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Construction of polynomial spline spaces over T-meshes for its
application in Isogeometric Analysis

Abstract

This dissertation addresses the issue of construction of appropriate spline spaces

over T-meshes for its application in Isogeometric Analysis. Our work was motiva-

ted by the inability of the B-splines to perform local re�nement, which complicates

their use for analysis. In this thesis we propose a new strategy for de�ning cubic

tensor product spline blending functions that span spaces suitable for analysis.

The technique is designed for hierarchical T-meshes with a quad- and octree sub-

division scheme. This type of meshes can be e�ciently implemented with tree data

structures which are frequently used in engineering. Due to the elevated comple-

xity of all current strategies, the main goal we pursue here is the simplicity of the

implementation, both in 2D and 3D. For that, we have to assume a restriction on

the T-mesh. Namely, the T-mesh should ful�l the requirement of being a strongly

balanced mesh. Assuming this reasonable and frequently used restriction over

the T-mesh, we can de�ne easily cubic spline functions with desirable properties:

linear independence, C2-continuity, cubic polynomial reproduction property, nes-

ting behaviour of the spaces and a straightforward implementation. The proposed

strategy includes simple rules for inferring local knot vectors to de�ne blending

functions for a given T-mesh. A detailed description of the method is given and

the approximation properties of the constructed spline spaces are tested in di�erent

type of problems, where an adaptive re�nement is necessary to obtain an accurate

numerical solution.
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CHAPTER 1

Introduction

1.1 Isogeometric Analysis concept

Computer-aided design (CAD) is the process of creating a design using computer
software. After CAD has emerged (1960-1970) all engineering drawings, done man-
ually using pencil and paper, was replaced by �les describing the physical model.
That entailed a huge advance in all engineering industry. Nowadays CAD is a
widely used technology with numerous applications in automotive, shipbuilding,
aerospace industries, industrial and architectural design, computer animation for
special e�ects in cinema. The most commonly used mathematical tool for rep-
resenting curves and surfaces in CAD are B-splines and NURBS (Non-Uniform
Rational B-splines) [1, 2]. They o�er a convenient free-form surface modelling and
can exactly represent all conic sections. E�cient algorithms to handle spline ob-
ject are available. Besides, B-splines possess some additional useful properties as
higher smoothness and convex hull property.

On the other hand, another important computational technique that has
been under intensive development since its emerging (1950-1960) is Finite Ele-
ment Method (FEM). This numerical method for solving partial di�erential equa-
tions has received a big amount of research e�ort and became a standard tool in
engineering industry. The basic components of the method are the variational for-
mulation of the physical problem and the discrete space used to approximate its
solution. The approximation space is de�ned by its basis functions (Lagrange or
Hermite interpolating polynomials). Each basis function is de�ned locally on its
element. To perform the analysis, the computational domain of the problem should
be decomposed in non-overlapping simple elements (triangles, quadrilaterals, tetra-
hedra, hexahedra). This step is referred to as mesh generation process. Taking
into account that nowadays the geometry comes from CAD, there is a necessity
to generate an analysis-suitable mesh of the object from its CAD representation.
It is not a trivial task due to increasing complexity of engineering design. Finite
Element Analysis (FEA) and CAD technologies have evolved separately and they
use di�erent geometrical tool. That impedes the communication between them
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1 Introduction

(a) (b)

Figure 1.1: (a) Head NURBS model, (b) Rhinocero NURBS model. Images taken from
http: // www. 3drender. com/

and make the process of data transferring very time-consuming. Creation of the
analysis-suitable model and mesh generation process consumes the major part of
all analysis time. Tight communication between CAD model and FEA geometry is
also crucial to make possible design optimization. In addition, �nite element mesh
does not reproduce the exact model designed by CAD. For some problems geometry
imprecision can lead to important error in numerical solution. To approximate a
curved boundary with a desired precision an adaptive mesh re�nement is required.
This is possible only with an automatic interaction between exact CAD geometry
and FEM mesh. With all these inconveniences it became evident the necessity to
unify the design and the analysis in a unique engineering process. CAD has to pro-
vide directly a geometric model suitable for analysis, or it is necessary to have an
automatic method to obtain analysis suitable model from its CAD representation.
For that, the analysis process should be changed and adapted for its application
on CAD geometries. The thought was proposed in 2005 by Tom Hughes and co-
workers in [3]. The concept received the name Isogeometric Analysis (IGA). The
idea is to use for the analysis the same basis functions (originally NURBS) that
have been used for construction of the CAD model. Isogeometric Analysis can be
seen as a generalization of FEM that uses basis functions with higher regularity.

Since its introduction IGA attracted a lot of attention in research community
and it has been an object of numerous investigation works in the last years. At
present it is considered a promising tool for bridging the gap between CAD and
FEA industries. Besides, it can o�er some additional bene�cial properties and
possibilities compared with classical Finite Element Method. Here are some of
them:

� Working with the exact geometry leads to superior accuracy in the problems
sensitive to geometry approximation (contact problems, boundary layer prob-

2



1 Introduction

lems in aerodynamic and hydrodynamic). Even if the exact geometry is not
achieved, smooth boundary approximation is necessary for some problems
that require curvature continuity of the boundary.

� Better accuracy of numerical solution due to higher regularity of the basis
functions [4].

� Higher degree of continuity also allows the use of IGA for solving partial dif-
ferential equations of order greater than two without the necessity to change
variational formulation. For example, Cahn-Hilliard phase-�eld equation
[5, 6, 7, 8].

� Possibility of collocation methods using strong formulation [9, 10, 11, 12].

However, to accomplish the ambitious idea of Isogeometric Analysis and make
it work in practice, some issues should be resolved �rst. This question is revised
in the next section.

1.2 State of the art

IGA is relatively new method that needs a theoretical framework to be developed
and some open problems to be solved. Clearly, a lot of question should be studied:
error estimation theory for IGA [13, 14, 15], e�cient quadrature rules [16, 17],
e�ciency of the direct and iterative solvers for the systems arising in the method
[18, 19], e�cient implementation of the structures and procedures arising in the
method, imposing boundary conditions, the in
uence of parameterization quality
on accuracy of the solution [20]. However, the most urgent and important problems
of IGA are the local re�nement problem and the parameterization of computational
domain.

1.2.1 Local re�nement

Originally Isogeometric Analysis concept was proposed and tested using NURBS
basis functions inasmuch as NURBS was the most common tool used by CAD
software at that moment. However, it su�ers from an important drawback: their
tensor product structure does not allow for local re�nement. NURBS surface is
de�ned by a set of control points which lie, topologically, in a rectangular grid.
A new control point insertion induces the insertion of an entire row of control
points extended through the entire domain. That leads to a large number of
super
uous control points. The representation of local features is ine�cient and
requires the use of several NURBS patches joined together. Frequently this join
is discontinuous, i.e. it has gaps and overlaps that make the model not suitable
for analysis. T-splines were proposed by Sederberg et al. [21] as an alternative to
NURBS that permits local re�nement. T-splines can be seen as a generalization

3
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(a) \Head modeled (a) as a NURBS with
4712 control points and (b) as a T-spline
with 1109 control points. The red NURBS
control points are super
uous"

(b) \NURBS head model, converted to a
T-spline"

Figure 1.2: Images taken from the original work of Sederberg et al. [22]: \T-spline
simpli�cation and local re�nement".

of NURBS. T-splines allows the insertion of a partial row of control points that
terminates in T-junction, which makes them locally re�nable. T-spline plug-in
are currently available for two NURBS-based CAD software Maya and Rhino,
see http://www.tsplines.com/products/tsplines-for-rhino.html. T-splines
o�er a 
exible tool for creating one-patch watertight surfaces with local detailed
features and lower number of control points compared with NURBS, see Fig. 1.2.
However, it appears that initially introduced T-splines are not suitable for their use
in Isogeometric Analysis since they lack some properties essential for analysis and
for proper convergence behaviour: linear independence, polynomial reproduction
property and nesting behaviour of approximation spaces (this question will be
illustrated in more details in Chapter 2. Besides, rational T-splines complicate
and increase computational cost of the calculus of the derivatives.

Therefore, it is still an open issue in the context of Isogeometric Analysis to
�nd an alternative to NURBS that overcomes the local re�nement problem and
can be used in analysis. This issue has been the object of numerous research works
in recent years.

Analysis-suitable T-splines, proposed by Scott et al. in [23], are a class of
T-splines de�ned over T-meshes that meet certain topological restrictions formu-
lated in terms of T-junction extensions. Blending functions de�ned over an ex-
tended analysis-suitable T-mesh are linearly independent [24] and possess polyno-
mial reproduction property. The re�nement algorithm allows to accomplish highly
localized re�nements and construct nested T-spline spaces, but it presents an ele-
vated implementation complexity and, as far as we know, the generalization of the
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strategy to 3D cases is still an open question.

Another well known approach for local enrichment of the approximation space
is the hierarchical re�nement, originally introduced by Forsey and Bartels in [25]
and later developed in [26]. Recently, hierarchical re�nement technique in the con-
text of Isogeometric Analysis was described in [27, 28, 29]. This approach is based
on a simple and natural idea to construct multilevel spaces by replacing coarse level
functions with �ner basis functions. Starting from an initial uniform mesh, hier-
archical re�nement scheme leads to sequential construction of nested spline spaces
with linearly independent basis functions. Relatively simple implementation and
straightforward generalization to 3D make it an attractive option for local re�ne-
ment. However, a shortcoming of this strategy is the impossibility to de�ne a spline
space over a given arbitrary T-mesh, as well as the presence of redundant basis
functions and excessive support overlapping. An interesting theoretical approach
to the latter problem was given in [30]. The truncation technique is applied to re-
de�ne the function supports and reduce their overlapping. However, that elevates
considerably the computational cost of the strategy.

Other strategies for performing local re�nement of spline spaces are C1-
continuous PHT-splines [31] and Locally Re�ned B-splines (LR-splines) [32].

It is worth mentioning another group of options for de�ning multivariate spline
functions that do not have tensor product structure. Namely, bivariate simplex
splines over triangulation [33]; simplex splines over Delaunay con�gurations, as a
natural generalization of univariate B-splines, was proposed in [34, 35, 36]; box
splines [37]; quadratic C1�continuous splines over Powell-Sabin triangle split [38].
Recent examples of isogeometric analysis using splines over triangulations can be
found in [39, 40, 41]. Splines over triangulation could o�er a better 
exibility and
adaptivity to irregular domains compared to more rigid tensor product splines.
However, it is not a trivial task to de�ne globally smooth spline spaces over tri-
angulations. Currently available options presents a high complexity, and it seems
that tensor product splines are still the most popular and standard option for CAD
due to their simplicity.

1.2.2 Domain parameterization

CAD models usually provide only the boundary surface of a solid. This spline
representation of the boundary can be used directly in isogeometric shell analysis
or isogeometric boundary integral method. But the application of Isogeometric
Analysis requires a full volumetric representation of the geometry. So, another
open problem of Isogeometric Analysis is how to generate a trivariate spline rep-
resentation of a solid starting from the CAD description of its boundary. As it is
pointed by Cottrell et al. in [42], \the most signi�cant challenge facing Isogeometric
Analysis is developing three-dimensional spline parameterizations from surfaces".
Parameterization is suitable for analysis if it does not have self-intersection, i.e. it
is invertible. Moreover, in order to expect a high accuracy in numerical results it
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is necessary to obtain a good quality volume parameterization. Orthogonality and
uniformity of isoparametric curves are desirable for the tensor-product structured
parameterization. It is not trivial task to obtain a good quality smooth global
parametric mapping for complex domains and it can be very time-consuming. For
the application of IGA it is essential to have an e�ective method to construct a
spline parameterization. Here are some attempts to tackle the problem.

In [43] the parameterization is found by solving a constraint optimization
problem for a planar B-spline surface. Constraints are de�ned by imposing in-
jectivity su�cient conditions in terms of the control points, and the optimization
consists in minimizing some energy function in order to reach a good orthogonality
and uniformity of the parametric mapping. The idea was extended for 3D in [44].
Another similar technique was proposed by these authors in [45, 46]. They use
a harmonic mapping obtained by solving an optimization problem for the control
points. Additional term is added to the objective function in order to improve the
quality where needed.

The use of harmonic mapping is a common characteristic of several works
dealing with 2D and 3D parameterization methods. For example, Li et al. [47]
construct a harmonic volumetric mapping through a meshless procedure by using
a boundary method. The algorithm can be applied to any genus data, but it
is complex and requires placing some source and collocation points on an o�set
surface. Optimal results of source positions are unknown, and in practice they are
chosen in a trial-and-error manner or with the help of human experience.

Martin et al. [48] present a methodology based on discrete harmonic func-
tions to parameterize a solid, where the input data are surface triangulation and
a tetrahedral mesh of the solid. They solve several Laplace equations, �rst on the
surface to establish surface parameterization and then on the complete 3D domain
using FEM. The two obtained orthogonal harmonic functions are used to construct
a structured hexahedral mesh of the solid, which is smoothed to remove irregular-
ities. The user has to make an initial choice of two critical points to establish the
surface parameterization and to �x a seed for generating the skeleton.

Zhang et al. proposed in [49] a procedure to construct T-spline representation
of a genus-zero solid from its boundary triangulation. First, a parametric mapping
between the triangulation and the boundary of the parametric domain, a unit cube,
is established using Floater parameterization method. Then an octree subdivision
is carried out for the cube until the error between the T-mesh and the input triangle
mesh is less than a threshold. During this process, the boundary nodes are mapped
to the input triangle mesh and, then, the interior nodes are relocated via T-mesh
optimization, which is maximizing the worst Jacobian of the trilinear map for each
element. In [50] the method was extended for arbitrary genus topology. A smooth
harmonic scalar �eld over the surface triangulation is computed, and saddle points
are extracted to determine the topology of the object and to construct a polycube
with the same topology that serves as the parametric domain for the trivariate
T-spline.

6
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1.3 Goal and outline of the thesis

This thesis is the result of our group research work on Isogeometric Analysis. As
was mentioned before, it is relatively new method with many questions to explore.
A lot of new interesting things about IGA have been studied and discovered since
we have embarked on this journey. Some of these things will be re
ected implicitly
in the present work. But, mainly, our attention was focused on two open problems
of IGA: construction of spline spaces with nice properties suitable for analysis
and the problem of volumetric parameterization of computational domain from
its boundary representation. Some preliminary results about parameterization
method developed in our research are brie
y included in this work, however this
problem will be studied in depth and presented in another doctoral dissertation of
the group.

This thesis addresses the issue of construction of appropriate spline spaces
over T-meshes for its application in Isogeometric Analysis. The main contribu-
tion of the dissertation is a new strategy for de�ning spline blending functions
that span spaces with nice properties. The technique is designed for hierarchi-
cal T-meshes (multilevel meshes) with a quad- and octree subdivision scheme.
This type of meshes can be e�ciently implemented with tree data structures [51],
which are frequently used in engineering. Due to the elevated complexity of all
current strategies, the main goal we pursue here is the simplicity and low com-
putational cost, both in 2D and 3D. For that, we have to assume a restriction on
the T-mesh. Namely, the T-mesh should ful�l the requirement of being a strongly
balanced mesh. Assuming this reasonable and frequently used restriction over the
T-mesh, we can de�ne easily cubic spline functions that span spaces with desirable
properties: linear independence, C2-continuous, polynomial reproduction property,
nested spaces and a straightforward implementation.

The manuscript is organized as follows.

� Chapter 2 introduces some basic concepts about B-splines and NURBS and
their use for curve and surface modelling, followed by the description of Iso-
geometric Analysis concept and its comparison with classical Finite Element
Method.

� In Chapter 3 the idea of T-splines is revised and some of their shortcomings
are discussed and illustrated. Then, we discuss brie
y the available solu-
tions for the problem of local re�nement and analyse their advantages and
shortcomings that has motivated our research.

� Chapter 4. The core of the dissertation is presented. We describe and illus-
trate the procedure for the construction of cubic spline space over a given
T-mesh. The key of our technique is some simple rules used for inferring lo-
cal knot vectors to de�ne tensor product spline blending functions that span

7
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spaces with desirable properties. The algorithms for an e�cient implemen-
tation of the strategy for 2D and 3D meshes are given.

� Properties and some characteristics of the constructed spaces are discussed
in Chapter 5. Proof of some properties for 2D case is provided.

� Chapter 6 presents a brief description of another result of our research: a
method for spline parameterization of complex 2D geometries, which will be
necessary for the computational examples.

� Chapter 7. The approximation properties of the proposed spline spaces are
tested in geometric modelling and Isogeometric Analysis. We apply IGA for
di�erent types of problems that involve adaptive re�nement. Convergence
behaviour is analysed. Some computational examples include a comparison
with Finite Element Method.

� Chapter 8 exposes the summary, concluding remarks and future research
directions.

8



CHAPTER 2

Preliminaries

In this chapter we introduce some basic concepts about spline theory relevant to
this thesis, namely, B-splines and NURBS and their use for curve and surface
modelling and Isogeometric Analysis. For more comprehensive review we refer the
reader to [1, 52, 2]. Then, the Isogeometric Analysis concept is explained in details.

2.1 Spline theory. Basic concepts

2.1.1 Spline interpolation

Data �tting is a fundamental concept for geometric design. A common prob-
lem in curve modelling is data interpolation: given data points pi and their cor-
responding parameter values �i, �nd a parametric curve that passes through the
points pi. A well known method to solve this problem is polynomial interpolation,
that is, �nd a n-order polynomial Pn that satisfy interpolation conditions

Pn(�i) = pi; i = 0; : : : ; n:

However, a single segment polynomial interpolation have some shortcomings:
a large number of data points requires a high degree polynomial which is ine�cient
and can present oscillations, known as Runge’s phenomenon, and numerical unsta-
bility (see [2] for an example of ill-conditioned Lagrange polynomial interpolation).
A solution to this problem is piecewise polynomial interpolation. The idea is to
construct a polynomial segments Ci(�) for each parameter interval [�i�1; �i] so that
the resulting piecewise curve C(�) passes through the data points pi and the poly-

nomial segments join with a certain level of continuity, i.e., C
(k)
i (�i) = C

(k)
i+1(�i):

This piecewise polynomial curve C(�) is called spline, see Fig. 2.1. The term spline
comes from the name of 
exible rulers that were used for technical drawings and
were free to bent to pass through the speci�ed points. Spline curve can be seen as
a mathematical generalization of the physical spline.

The set of all piecewise polynomial curves of degree n and some level of

9



2 Preliminaries

(a) A single 4-th order polynomial �tting data points.

(b) Cubic spline curve �tting the same data points with C2-
continuity between the segments.

Figure 2.1: Example of data interpolation. (a) Lagrange polynomial interpolation. (b)
Piecewise polynomial interpolation.

continuity over a given sequence of parameter values f�ig form a vector space. It
is possible to de�ne some elemental piecewise polynomial functions of the same
degree and level of continuity that form a basis for this space. Then, any spline
curve can be constructed as linear combination of the basis piecewise polynomials.
These basis functions are called B-splines (Basis splines).

2.1.2 B-spline basis functions

Consider a non-decreasing sequence of parameter values � = f�1; �2; : : : ; �n+p+1g.
The values �i are called knots and the sequence � the knot vector. The intervals
(�i; �i+1) are called knot spans. Then, we can de�ne a set of B-spline basis func-
tions fBi;pgn

i=1 of degree p, inferred from the knot vector �, by the Cox-de Boor
recurrence formula as follows

Bi;0(�) =

�
1 if �i � � < �i+1;
0 otherwise.

10
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(a) A set of �rst order B-splines inferred from the open
knot vector � = f0; 0; 1=4; 1=2; 3=4; 1; 1g.

0
1

4

1

2

3

4
1

1

(b) A set of quadratic B-splines inferred from the open
knot vector � = f0; 0; 0; 1=4; 1=2; 3=4; 1; 1; 1g.

Figure 2.2: Examples of linear and quadratic B-spline functions.

for p � 1

Bi;p(�) =
� � �i

�i+p � �i

Bi;p�1(�) +
�i+p+1 � �

�i+p+1 � �i+1

Bi+1;p�1(�);

where (� � �i)=(�i+p � �i) � 0 if �i+p = �i:
A knot vector � is called open knot vector if the �rst and the last knot are

repeated p + 1 times, see Fig. 2.3(a). If a knot �i is repeated m times (m � p + 1),
it is said to have multiplicity m, and in this case the basis functions are Cp�m-
continuous at the knot, see Fig. 2.3(b) and Fig. 2.4. Next we enumerate some
basic properties of B-spline functions.

Properties of B-splines:

� Local support : Bi;p(�) = 0 for � outside the interval [�i; �i+p+1).

� Non-negativity : Bi;p(�) � 0:

� Partition of unity :
Pn

i=1 Bi;p(�) = 1; � 2 [�1; �n+p+1]:

� Linear independence:
Pn

i=1 ciBi;p(�) � 0 ) ci = 0; i = 1; : : : ; n:
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(a) A set of cubic B-splines inferred from the open knot vec-
tor � = f0; 0; 0; 0; 1=4; 1=2; 3=4; 1; 1; 1; 1g. No repeated interior
knots.
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(b) A set of cubic B-splines inferred from the open knot vec-
tor � = f0; 0; 0; 0; 1=4; 1=4; 1=4; 1=2; 3=4; 1; 1; 1; 1g. Knot 1=4 of
multiplicity 3 leads to C0-continuity of B-splines at the knot.

Figure 2.3: Examples of cubic B-spline functions.

� Except for the case p = 0; Bi;p attains exactly one maximum.

� Each function Bi;p is a piecewise polynomial of degree p with Cp�m continuity
at its knots of multiplicity m, see Fig. 2.4.

� The derivative of a B-spline function Bi;p can be expressed as a linear com-
bination of B-splines of lower degree:

dk

dk�
Bi;p =

p

�i+p � �i

�
dk�1

dk�1�
Bi;p�1

�
� p

�i+p+1 � �i+1

�
dk�1

dk�1�
Bi+1;p�1

�
:
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(a)
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(b)

Figure 2.4: Examples of B-spline supports with di�erent regularity at their knots. (a)
A cubic B-spline with all the knots of multiplicity 1: f0; 1=4; 1=2; 3=4; 1g. (b) A cubic B-
spline, for the knot vector f0; 0; 0; 1=4; 1=2g, is C0 at the multiple knot �1 = �2 = �3 = 0.

2.1.2.1 Knot insertion and B-spline re�nement

It is known that if a knot �̂ is inserted into a knot vector � = (�1; �2; �3; �4; �5),
then the B-spline B[�](�) can be written as linear combination of two new B-spline
functions, i.e.,

B[�](�) = �B[�1](�) + �B[�2](�);

where �1 = (�1; : : : ; �̂; : : : ; �4) and �2 = (�2; : : : ; �̂; : : : ; �5). Coe�cients � and � are
calculated by the formula

� =

8<: 1; �4 � �̂ � �5

�̂ � �1

�4 � �1

; �1 � �̂ � �4

; � =

8<: �5 � �̂

�5 � �2

; �2 � �̂ � �5

1; �1 � �̂ � �2

: (2.1)

For example, for the knot vector � = (0; 1; 2; 3; 5) a new knot �̂ = 4 is inserted be-
tween the fourth and the �fth knot. Then, �1 = (0; 1; 2; 3; 4) and �2 = (1; 2; 3; 4; 5).

And the function is split as B[�](�) = B[�1](�) +
1

4
B[�2](�), see Fig. 2.5.

0 1 2 3 4 5

Figure 2.5: Knot insertion operation for B-spline.
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2 Preliminaries

2.1.3 B-spline curves

A pth-degree B-spline curve is de�ned as

C(�) =
nX

i=1

Pi Bi;p(�);

where coe�cients Pi 2 R2 (R3) are called control points, and fBi;pgn
i=1 are the

B-spline basis functions de�ned on the open knot vector � = f�1; �2; : : : ; �n+p+1g.
The B-spline curve does not interpolate the control points, except for the �rst one
and the last one, due to open knot vector. The polygon formed by the control
points Pi is called the control polygon. Control polygon represents a piecewise
linear approximation to the curve. A spline curve attempts to mimic the shape of
its control polygon. The continuity of the curve is determined by the continuity
of its basis functions. Figure 2.6 shows some examples of B-spline curves. A cubic
B-spline curve with C2 regularity is shown in Fig. 2.6(a) and a cubic spline curve
with reduced regularity at some point, in order to represent a sharp feature, is
given in Fig. 2.6(b).

(a) No repeated interior knots.

(b) Multiple knots for representing a sharp feature (P4).

Figure 2.6: Examples of cubic B-spline curve and its control polygon.
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(a)

Figure 2.7: Local control property of B-spline curve.

Properties of B-spline curve:

� Convex hull property : the curve is contained within the convex hull of its
control points. This property is useful for checking if two curves intersect
each other.

� A�ne invariance: the curve is invariant under a�ne transformation of its
control points. It implies that an a�ne transformation of the curve can be
obtained by applying the transformation directly to the control points.

� Variation diminishing property : no plane has more intersections with the
curve than with its control polygon. This property makes the B-spline curve
more monotone, compared with oscillating behaviour that can have Lagrange
polynomials.

� Local control property : moving a control point Pi a�ects only locally the
shape of the curve C(�), namely only the interval [�i; �i+p+1); see Fig. 2.7.
This property is important for geometric design since it allows to change
locally the shape without the necessity to recalculate the entire curve.

2.1.3.1 Re�nement

Re�nement of a spline curve can be performed by new knots insertion or degree
elevation of the curve. The idea is to preserve the original geometry and its pa-
rameterization.

2.1.3.1.1 Knot insertion. h-re�nement

Let us consider a pth-degree B-spline curve C(�) =
Pn

i=1 PiBi;p(�); where the B-
spline basis functions fBi;pgn

i=1 are de�ned on the open knot vector � = f�1; �2; : : : ; �n+p+1g.

15
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A new knot �̂ 2 [�k; �k+1) is inserted, creating a new knot vector

b� = f�1; �2; : : : ; �k; �̂; �k+1; : : : ; �n+p+1g:

It is possible then to construct the same curve C(�) using the new basis f bBi;pgn+1
i=1

de�ned on b�:

C(�) =
nX

i=1

PiBi;p(�) =
n+1X
i=1

bPi
bBi;p(�): (2.2)

The new control points bPi are calculated as

bPi = �iPi + (1� �i)Pi�1;

where

�i =

8>><>>:
1; if i � k � p

�̂ � �i

�i+p � �i

; if k � p + 1 � i � k

0; if i � k + 1

(2.3)

Note that only some of the control points are changed with respect to the original
control points Pi: When a new knot �̂ is inserted into a knot vector �, the initial
basis functions fBi;pgn

i=1 can be expressed in terms of the new basis functions

f bBi;pgn+1
i=1 de�ned on b�: That is, a knot insertion produces nested spline spaces.

Each function Bi;p is expressed as linear combination of the re�ned functions.
Inserting these expressions into (2.2) leads to the formula (2.3) for the new control
points.

2.1.3.1.2 Degree elevation. p-re�nement

When elevating the polynomial order of the basis functions, the inter-element re-
gularity should be preserved. So the multiplicity of the original knots should be
increased by one before degree elevation. No new knots are inserted. In this way,
degree elevation also produces nested spaces and the original curve C(�) can be
preserved.

16
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2.1.4 B-spline surfaces

Bivariate B-splines are de�ned as a tensor product of univariate B-spline functions.

Figure 2.8: Bivariate B-spline function.

Let fBi;p(�)gn1
i=1 and fBj;q(�)gn2

j=1 be two sets of B-spline basis functions of
degree p and q, de�ned over knot vectors � = f�1; �2; : : : ; �n1+p+1g and H =
f�1; �2; : : : ; �n2+q+1g, respectively, which form a Cartesian grid in parametric do-
main. Then, bivariate basis functions are de�ned as follows

B(i;j);(p;q)(�; �) = Bi;p(�)Bj;q(�); (i; j) 2 I;

where the multi-index set I is de�ned by I = f1; 2; : : : ; n1g � f1; 2; : : : ; n2g. See
an example of bivariate B-spline function in Fig. 2.8 and an example of a set of
B-spline functions de�ned over a parametric grid in Fig. 2.9.

(a) (b)

Figure 2.9: Bivariate cubic B-spline functions de�ned over a parametric grid formed by
the knot vectors � = H =f0,0,0,0,1/4,1/2,3/4,1,1,1,1g.

Bivariate B-spline functions possess the same properties as the univariate B-
splines:
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